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Kashiwara Algebras and Imaginary Verma Modules for Uq(ĝ)
Ben Cox, Vyacheslav Futorny, and Kailash C. Misra
Abstract. We consider imaginary Verma modules for quantum affine algebra
Uq(ĝ), where ĝ is of type 1 i.e. of non-twisted type, and construct Kashiwara
type operators and the Kashiwara algebra Kq. We show that a certain quotient
N
−
q of Uq(ĝ) is a simple Kq-module..
1. Introduction
Let ĝ be an affine Lie algebra and ∆ denote the set of roots with respect to the
Cartan subalgebra ĥ. Then we have a natural (standard) partition of ∆ = ∆+∪∆−
into set of positive and negative roots. With respect to this standard partition we
have a standard Borel subalgebra from which we may induce the standard Verma
module. A partition ∆ = S ∪ −S of the root system ∆ is said to be a closed
partition if whenever α, β ∈ S and α+ β ∈ ∆ we have α+ β ∈ S. It is well known
that for any finite dimensional complex simple Lie algebra, all closed partitions of
the root system are Weyl group conjugate to the standard partition. However, this
is not the case for affine Lie algebras. The classification of closed subsets of the root
system for affine Lie algebras was obtained by Jakobsen and Kac [JK85, JK89],
and independently by Futorny [Fut90, Fut92]. In fact for affine Lie algebras
there exists a finite number (≥ 2) of inequivalent Weyl orbits of closed partitions.
Corresponding to each such non-standard partitions we have non-standard Borel
subalgebras from which we can induce other non-standard Verma-type modules
and these typically contain both finite and infinite dimensional weight spaces. The
imaginary Verma module [Fut94] is a non-standard Verma-type module associated
with the simplest non-standard partition of the root system ∆ which is the focus
of our study in this paper.
For generic q, the quantum affine algebra Uq(ĝ) is the q-deformations of the
universal enveloping algebras of ĝ ([Dri85], [Jim85]). It is known [Lus88] that
integrable highest weight modules of ĝ can be deformed to those over Uq(ĝ) in such
a way that the dimensions of the weight spaces are invariant under the deformation.
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Following the framework of [Lus88] and [Kan95], quantum imaginary Verma mod-
ules for Uq(ĝ) were constructed in ([CFKM97], [FGM98]) and it was shown that
these modules are deformations of those over the universal enveloping algebra U(ĝ)
in such a way that the weight multiplicities, both finite and infinite-dimensional,
are preserved.
Lusztig [Lus90] from a geometric view point and Kashiwara [Kas91] from an
algebraic view point introduced the notion of canonical bases (equivalently, global
crystal bases) for standard Verma modules Vq(λ) and integrable highest weight
modules Lq(λ). The crystal base ([Kas90, Kas91]) can be thought of as the
q = 0 limit of the global crystal base or canonical base. An important ingredient
in the construction of crystal base by Kashiwara in [Kas91], is a subalgebra Bq of
the quantum group which acts on the negative part of the quantum group by left
multiplication. This subalgebra Bq, which we call the Kashiwara algebra, played
an important role in the definition of the Kashiwara operators which defines the
crystal base.
In this paper we construct an analog of Kashiwara algebra Kq for the imaginary
Verma module Mq(λ) for the quantum affine algebra Uq(ĝ) by introducing certain
Kashiwara-type operators. Then we prove that certain quotient N−q of Uq(ĝ) is a
simple Kq-module. This generalizes the corresponding result in [CFM10] for the
quantum affine algebra Uq(ŝl(2)). However, it is worth pointing out that some of
the arguments involving explicit calculations in [CFM10] do not extend to this
general case.
The paper is organized as follows. In Sections 2 and 3 we recall necessary
definitions and some results that we need. In Section 4 we recall some facts about
the imaginary Verma modules for Uq(ĝ). In particular, for any dominant weight λ
with λ(c) = 0 we give a necessary and sufficient condition for the reduced imaginary
Verma module M˜q(λ) to be simple. In Section 5 we define certain operators we
call Ω-operators acting on certain subalgebra N−q of M˜q(λ) and prove generalized
commutation relations among them. We define the Kashiwara algebra Kq in terms
of certain Drinfeld generators and the Ω-operators in Section 6 and show that N−q
is a left Kq-module and define a symmetric invariant bilinear form on N−q . Finally,
in Section 7 we prove that N−q is simple as a Kq-module and that the form defined
in Section 6 is nondegenerate.
2. The affine Lie algebra ĝ.
We begin by recalling some basic facts and constructions for the affine Kac-
Moody algebra ĝ and its imaginary Verma modules. See [Kac90] for Kac-Moody
algebra terminology and standard notations.
2.1. Let I = {0, . . . , N} and A = (aij)0≤i,j≤N be a generalized affine Cartan
matrix of type 1 for an untwisted affine Kac-Moody algebra ĝ. LetD = (d0, . . . , dN )
be a diagonal matrix with relatively prime integer entries such that the matrix DA
is symmetric. Then ĝ has the loop space realization
ĝ = g⊗ C[t, t−1]⊕ Cc⊕ Cd,
where g is the finite dimensional simple Lie algebra over C with Cartan matrix
(aij)1≤i,j≤N , c is central in ĝ; d is the degree derivation, so that [d, x⊗ t
n] = nx⊗ tn
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for any x ∈ g and n ∈ Z, and [x ⊗ tn, y ⊗ tm] = [x, y] ⊗ tn+m + δn+m,0n(x|y)c for
all x, y ∈ g, n,m ∈ Z.
An alternative Chevalley-Serre presentation of ĝ is given by defining it as the
Lie algebra with generators ei, fi, hi (i ∈ I) and d subject to the relations
[hi, hj ] = 0, [d, hi] = 0,(2.1)
[hi, ej ] = aijej , [d, ej] = δ0,jej ,(2.2)
[hi, fj ] = −aijfj, [d, fj ] = −δ0,jfj ,(2.3)
[ei, fj ] = δijhi,(2.4)
(adei)
1−aij (ej) = 0, (adfi)
1−aij (fj) = 0, i 6= j.(2.5)
We set hˆ to be the span of {h0, . . . , hN , d}.
Let ∆0 be the set of roots of g with chosen set of positive/negative roots ∆0,±.
Let Q0 be the free abelian group with basis αi, 1 ≤ i ≤ N which is the root
lattice of g. Let Qˇ0 =
∑
i Zαˇi be the coroot lattice of g. The co-weight lattice is
defined to be Pˇ0 = Hom(Q0,Z) with basis ωi defined by 〈ωi, αj〉 = δi,j . The simple
reflections si : Pˇ0 → Pˇ0 are defined by si(x) = x − 〈αi, x〉αˇi. The si also act on
Q0 by si(y) = y− 〈y, αˇi〉αi. The Weyl group of g is defined as the subgroup W0 of
AutPˇ0 generated by s1, . . . , sN . The affine Weyl group is defined as W =W0⋉ Qˇ0.
Let θ be the longest positive root and set s0 = (sθ,−θˇ). Then W is generated by
s0, . . . , sN . Let W˜ =W0⋉ Pˇ0 =W ⋉T be the generalized affine Weyl group where
T is the group of Dynkin diagram automorphisms.
Let ∆ be the root system of ĝ with positive/negative set of roots ∆±and simple
roots Π = {α0, . . . , αN}. Define δ = α0 + θ. Extend the root lattice Q0 of g to
the affine root lattice Q := Q0 ⊕ Zδ, and extend the form (.|.) to Q by setting
(q|δ) = 0 for all q ∈ Q0 and (δ|δ) = 0. The generalized affine Weyl group W˜ acts
on Q as an affine transformation group. In particular if z ∈ Pˇ0 and 1 ≤ i ≤ N ,
then z(αi) = αi − 〈z, αi〉δ. Let Q+ =
∑
i∈I˙ Z≥0αi ⊕ Z≥0δ.
The root system ∆ of ĝ is given by
∆ = {α+ nδ | α ∈ ∆0, n ∈ Z} ∪ {kδ | k ∈ Z, k 6= 0}.
The roots of the form α + nδ, α ∈ ∆, n ∈ Z are called real roots, and those
of the form kδ, k ∈ Z, k 6= 0 are called imaginary roots. We let ∆re and ∆im
denote the sets of real and imaginary roots, respectively. The set of positive real
roots of ĝ is ∆re+ = ∆0,+ ∪ {α + nδ | α ∈ ∆0, n > 0} and the set of positive
imaginary roots is ∆im+ = {kδ | k > 0}. The set of positive roots of ĝ is ∆+ =
∆re+ ∪ ∆
im
+ . Similarly, on the negative side, we have ∆− = ∆
re
− ∪ ∆
im
− , where
∆re− = ∆0,−∪{α+nδ | α ∈ ∆0, n < 0} and ∆
im
− = {kδ | k < 0}. The weight lattice
P of ĝ is P = {λ ∈ ĥ∗ | λ(hi) ∈ Z, i ∈ I, λ(d) ∈ Z}. Let B denote the associated
braid group with generators T0, T1, . . . , TN .
2.2. Consider the partition ∆ = S ∪ −S of the root system of ĝ where S =
{α+ nδ | α ∈ ∆0,+, n ∈ Z} ∪ {kδ | k > 0}. This is a non-standard partition of the
root system ∆ in the sense that S is not Weyl equivalent to the set ∆+ of positive
roots.
3. The quantum affine algebra Uq(ĝ)
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3.1. The quantum affine algebra Uq(ĝ) is the C(q1/2)-algebra with 1 generated
by
Ei, Fi, Kα, γ
±1/2, D±1 0 ≤ i ≤ N, α ∈ Q,
and defining relations:
DD−1 = D−1D = KiK
−1
i = K
−1
i Ki = γ
1/2γ−1/2 = 1,
[γ±1/2, Uq(g)] = [D,K
±1
i ] = [Ki,Kj] = 0,
(γ±1/2)2 = K±1δ ,
EiFj − FjEi = δij
Ki −K
−1
i
qi − q
−1
i
,
KαEiK
−1
α = q
(α|αi)Ei, KαFiK
−1
α = q
−(α|αi)Fi,
DEiD
−1 = qδi,0Ei, DFiD
−1 = q−δi,0Fi,
1−aij∑
s=0
(−1)sE
(1−aij−s)
i EjE
(s)
i = 0 =
1−aij∑
s=0
(−1)sF
(1−aij−s)
i FjF
(s)
i , i 6= j.
where
qi := q
di , [n]i =
qni − q
−n
i
qi − q
−1
i
, [n]i! :=
n∏
k=1
[k]i
and Ki = Kαi , E
(s)
i = Ei/[s]i! and F
(s)
i = Fi/[s]i! (see [Bec94a] and [Lus88]).
The quantum affine algebra Uq(ĝ) is a Hopf algebra with a comultiplication
given by
∆(K±1i ) = K
±1
i ⊗K
±1
i ,(3.1)
∆(D±1) = D±1 ⊗D±1, ∆(γ±1/2) = γ±1/2 ⊗ γ±1/2(3.2)
∆(Ei) = Ei ⊗ 1 +Ki ⊗ Ei,(3.3)
∆(Fi) = Fi ⊗K
−1
i + 1⊗ Fi,(3.4)
and an antipode given by
s(Ei) = −EiK
−1
i , s(Fi) = −KiFi,
s(Ki) = K
−1
i , s(D) = D
−1, s(γ1/2) = γ−1/2.
Let Φ : Uq(ĝ)→ Uq(ĝ) be the C-algebra automorphism defined by
Φ(Ei) = Fi, Φ(Fi) = Ei, Φ(Kα) = Kα,(3.5)
Φ(D) = D, Φ(γ±1/2) = γ±1/2, Φ(q±1/2) = q∓1/2,
and let Ω¯ : Uq(ĝ)→ Uq(ĝ) be the C-algebra anti-automorphism defined by
Ω¯(Ei) = Fi, Ω¯(Fi) = Ei, Ω¯(Kα) = K−α,(3.6)
Ω¯(D) = D−1, Ω¯(γ±1/2) = γ∓1/2, Ω¯(q±1/2) = q∓1/2,
(see [Bec94a, Section 1]).
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3.2. There is an alternative realization for Uq(ĝ), due to Drinfeld [Dri85],
which we shall also need. We will use the formulation due to J. Beck [Bec94a].
Let Uq(ĝ) be the associative algebra with 1 over C(q
1/2)- generated by
x±1ir , his, K
±1
i , γ
±1/2, D±1 1 ≤ i ≤ N, r, s ∈ Z, s 6= 0,
with defining relations:
DD−1 = D−1D = KiK
−1
i = K
−1
i Ki = γ
1/2γ−1/2 = 1,(3.7)
[γ±1/2, Uq(g)] = [D,K
±1
i ] = [Ki,Kj] = [Ki, hjk] = 0,(3.8)
DhirD
−1 = qrhir, Dx
±
irD
−1 = qrx±ir,(3.9)
Kix
±
jrK
−1
i = q
±(αi|αj)
i x
±
jr ,(3.10)
[hik, hjl] = δk,−l
1
k
[kaij ]i
γk − γ−k
qj − q
−1
j
(3.11)
[hik, x
±
jl] = ±
1
k
[kaij ]iγ
∓|k|/2x±j,k+l,(3.12)
x±i,k+1x
±
jl − q
±(αi|αj)x±jlx
±
i,k+1(3.13)
= q±(αi|αj)x±ikx
±
j,l+1 − x
±
j,l+1x
±
ik,
[x+ik, x
−
jl] = δij
1
qi − q
−1
i
(
γ
k−l
2 ψi,k+l − γ
l−k
2 φi,k+l
)
,(3.14)
where
∞∑
k=0
ψikz
k = Ki exp
(
(qi − q
−1
i )
∑
l>0
hilz
l
)
, and
∞∑
k=0
φi,−kz
−k = K−1i exp
(
−(qi − q
−1
i )
∑
l>0
hi,−lz
−l
)
.(3.15)
For i 6= j, n := 1− aij
Symk1,k2,...,kn
n∑
r=0
(−1)r
[
n
r
]
x±ik1 · · ·x
±
ikr
x±jlx
±
ikr+1
· · ·x±iks = 0.(3.16)
Note that Beck’s paper [Bec94a] on page 565 has a typo in it where he has φi,kz
k
instead of φi,−kz
−k.
In the above last relation Sym means symmetrization with respect to the indices
k1, . . . , kn. Also in Drinfeld’s notation one has e
hc/2 = γ and eh/2 = q.
The algebras given above and in §3.1 are isomorphic [Dri85]. If one uses the
formal sums
(3.17) φi(u) =
∑
p∈Z
φipu
−p, ψi(u) =
∑
p∈Z
ψipu
−p, x±i (u) =
∑
p∈Z
x±ipu
−p
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Drinfeld’s relations (3.11)- (3.14) can be written as
[φi(u), φj(v)] = 0 = [ψi(u), ψj(v)](3.18)
φi(u)ψj(v)φi(u)
−1ψj(v)
−1 = gij(uv
−1γ−1)/gij(uv
−1γ)(3.19)
φi(u)x
±
j (v)φi(u)
−1 = gij(uv
−1γ∓1/2)±1x±j (v)(3.20)
ψi(u)x
±
j (v)ψi(u)
−1 = gji(vu
−1γ∓1/2)∓1x±j (v)(3.21)
(u− q±(αi|αj)v)x±i (u)x
±
j (v) = (q
±(αi|αj)u− v)x±j (v)x
±
i (u)(3.22)
[x+i (u), x
−
j (v)] = δij(qi − q
−1
i )
−1(δ(u/vγ)ψi(vγ
1/2)− δ(uγ/v)φi(uγ
1/2))(3.23)
where gij(t) = gij,q(t) is the Taylor series at t = 0 of the function (q
(αi|αj)t−1)/(t−
q(αi|αj)) and δ(z) =
∑
k∈Z z
k is the formal Dirac delta function.
3.3. Let U+q = U
+
q (ĝ) (resp. U
−
q = U
−
q (ĝ)) be the subalgebra of Uq(ĝ) gener-
ated by Ei (resp. Fi), i ∈ I, and let U0q = U
0
q (ĝ) denote the subalgebra generated
by K±1i (i ∈ I) and D
±1.
Beck in [Bec94a] and [Bec94b] has given a total ordering of the root system
∆ and a PBW like basis for Uq(ĝ). Below we follow the construction developed
by Damiani [Dam98], Gavarini [Gav99] and [BK96] and let Eβ denote the root
vectors for each β ∈ ∆+ counting with multiplicity for the imaginary roots. One
defines Fβ = E−β := Ω¯(Eβ) for β ∈ ∆+ (refer to (3.6)).
For any affine Lie algebra ĝ, there exists a map pi : Z → I such that, if we
define
βk =

sπ(0)sπ(−1) · · · sπ(k+1)(απ(k)) for all k < 0,
απ(0) k = 0,
απ(1) k = 1,
sπ(1)sπ(2) · · · sπ(k−1)(απ(k)) for all k > 1,
then the map pi′ : Z 7→ ∆re+ given by pi
′(k) = βk is a bijection. Note that the map
pi, and hence the total ordering, is not unique. We fix pi so that {βk | k ≤ 0} =
{α+ nδ | α ∈ ∆0,+, n ≥ 0} and {βk | k ≥ 1} = {−α+ nδ | α ∈ ∆0,+, n > 0}. One
also defines the set of imaginary roots with multiplicity as
∆+(im) := ∆
im
+ × I0,
where I0 = {1, ..., N}.
It will be convenient for us to invert Beck’s original ordering of the positive
roots (see [BK96, §1.4.1]). Let
(3.24) β0 > β−1 > β−2 > · · · > δ > 2δ > · · · > β2 > β1,
(see [Gav99, §2.1] for this ordering). We define −α < −β iff β > α for all positive
roots α, β, so we obtain a corresponding ordering on ∆−.
The following elementary observation on the ordering will play a crucial role
later. Write A < B for two sets A and B if x < y for all x ∈ A and y ∈ B. Then
Beck’s total ordering of the positive roots can be divided into three sets:
{α+ nδ | α ∈ ∆0,+, n ≥ 0} > {kδ | k > 0} > {−α+ kδ | α ∈ ∆0,+, k > 0}.
Similarly, for the negative roots, we have,
{−α− nδ | α ∈ ∆0,+, n ≥ 0} < {−kδ | k > 0} < {α− kδ | α ∈ ∆0,+, k > 0}.
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The action of the braid group generators Ti on the generators of the quantum
group Uq(ĝ) is given by the following.
Ti(Ei) = −FiKi, Ti(Fi) = −K
−1
i Ei,
Ti(Ej) =
−aij∑
r=0
(−1)r−aijq−ri E
(−aij−r)
i EjE
(r)
i , if i 6= j,
Ti(Fj) =
−aij∑
r=0
(−1)r−aijqriF
(r)
i FjF
(−aij−r)
i , if i 6= j,
Ti(Kj) = KjK
−aij
i , Ti(K
−1
j ) = K
−1
j K
aij
i ,
Ti(D) = DK
−δi,0
i , Ti(D
−1) = D−1K
δi,0
i .
For each βk ∈ ∆re+ , define the root vector Eβk in Uq(ĝ) by
Eβk =

T−1π(0)T
−1
π(−1) · · ·T
−1
π(k+1)(Eπ(k)) for all k < 0,
Eπ(0) k = 0,
Eπ(1) k = 1,
Tπ(1)Tπ(2) · · ·Tπ(k−1)(Eπ(k)) for all k > 1.
(3.25)
Orient the Dynkin diagram of g by defining a map o : V → {±1} so that for
adjacent vertices i and j one has o(i) = −o(j). Beck defines T̂ωi = o(i)Tωi and
obtains ([Bec94a, Section 4]) for i ∈ I˙ and k ∈ Z,
x−ik : = T̂
k
ωi(Fi), x
+
ik := T̂
−k
ωi (Ei).
The following result is due to Iwahori, Matsumoto and Tits (see [Bec94a],
Section 2).
Proposition 3.3.1. Suppose w ∈ W˜ and w = τsi1 · · · sin is a reduced decom-
position in terms of simple reflections. Then Tw = τTi1 · · ·Tin does not depend on
the reduced decomposition of w chosen, but rather only on w.
Fix i ∈ I0 and k ≥ 0. The proposition above in the particular case of the
reduced decomposition of ωi = τsi1 · · · sir ∈ Pˇ0 ⊂ W˜ where τ is a diagram auto-
morphism and the si are simple reflections, gives
x+ik = T̂
−k
ωi (Ei) = o(i)
k(τTi1 · · ·Tir )
−k(Ei) = o(i)
kTj1 · · ·Tjmτ
−k(Ei),
for some jt ∈ I.
Fixing still i ∈ I0 and k ≥ 0, choose now wαi+kδ ∈ W˜ , and j ∈ I, such that
wαi+kδ(αj) = αi + kδ. Writing wαi+kδ = sl1 · · · slp as a reduced decomposition of
simple reflections, Beck defines
Eαi+kδ : = Twαi+kδ (Ej) = Tl1 · · ·Tlp(Ej),
which according to Lusztig is independent of the choice of wαi+kδ, its reduced de-
composition and j ∈ I. In particular we can choose j = τ−k(i) and w = sj1 · · · sjm ,
so that sj1 · · · sjm(αj) = sj1 · · · sjm(ατ−k(i)) = αi + kδ. Then
(3.26) Eαi+kδ = Tj1 · · ·Tjm(Eτ−k(i)) = o(i)
kx+ik.
8 BEN COX, VYACHESLAV FUTORNY, AND KAILASH C. MISRA
Now one defines
Fαi+kδ = Ω¯(Eαi+kδ) = o(i)
kΩ¯(x+ik) = o(i)
kΩ¯(T̂−kωi (Ei))(3.27)
= o(i)kT̂−kωi (Ω¯(Ei)) = o(i)
kT̂−kωi (Fi) = o(i)
kx−i,−k,
as TjΩ¯ = Ω¯Tj and Tτ Ω¯ = Ω¯Tτ .
If k < 0 and i ∈ I0, then −αi − kδ ∈ ∆re+ , so that −αi − kδ = βl =
sπ(1) · · · sπ(l−1)(απ(l)) for l > 1 and −αi − kδ = βl = απ(1) if l = 1. Then for
l > 1,
E−αi−kδ = Eβl = T
−k
ωi T
−1
i (Ei) = −T
−k
ωi (K
−1
i Fi)(3.28)
= −o(i)kT−kωi (K
−1
i )x
−
i,−k = −o(i)
kK−1i γ
−kx−i,−k
as ωi(−αi) = −αi + δ (see §2.1) so that ω
−k
i si(αi) = ω
−k
i (−αi) = −αi − kδ and
Tωi(K
−1
i ) = K−αi+δ. Now
F−αi−kδ = Ω¯(E−αi−kδ) = −o(i)
kΩ¯(K−1i γ
−kx−i,−k)(3.29)
= −o(i)kKiγ
kx+i,k.
Then as shown in [Bec94a, Theorem 4.7], for k > 0
ψik = (qi − q
−1
i )γ
k/2[Ei, Tˆ
k
ωi(Fi)] = (qi − q
−1
i )γ
k/2[Ei, x
−
ik],
φi,−k = (qi − q
−1
i )γ
−k/2[Fi, Tˆ
k
ωiEi] = (qi − q
−1
i )γ
−k/2[Fi, x
+
i,−k],
ψi,0 := Ki, φi,0 := K
−1
i , and for any τ ∈ T ,
(3.30) Tτ (Ei) := Eτ(i), Tτ (Fi) := Fτ(i), Tτ (Ki) := Kτ(i).
One writes τ for Tτ . Note also that τsiτ
−1 = sτ(i) for all 0 ≤ i ≤ n.
Each real root space is 1-dimensional, but each imaginary root space is N -
dimensional. Hence, for each positive imaginary root kδ (k > 0) one defines the N
imaginary root vectors, E
(i)
kδ (i ∈ I0) by
exp
(
(qi − q
−1
i )
∞∑
k=1
E
(i)
kδ z
k
)
= 1 + (qi − q
−1
i )
∞∑
k=1
K−1i [Ei, x
−
i,k]z
k(3.31)
= 1 +
∞∑
k=1
K−1i ψik
(
γ−1/2z
)k
= exp
(
(qi − q
−1
i )
∑
l>0
hilγ
−l/2zl
)
.
So E
(i)
kδ = hikγ
−k/2 for all k > 0. For k < 0 we also define E
(i)
kδ := Ω¯(E
(i)
−kδ) =
hikγ
k/2. Our definition of E
(i)
kδ is the same as [Dam98], Definition 7. Recall that
the R- “matrices” are defined having values in Uq(ĝ)⊗̂Uq(ĝ) (see [Lus93] for the
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definition of Uq(ĝ)⊗̂Uq(ĝ) and [Bec94a, Section 5]) for 1 ≤ i ≤ N by
Ri =
∑
n≥0
(−1)nq
−n(n−1)
2
i (qi − q
−1
i )
n[n]i!Ti(F
(n)
i )⊗ Ti(E
(n)
i ),(3.32)
=
∑
n≥0
(q−1i − qi)
nq
−n(5n−1)
2
i
[n]i!
Eni K
−n
i ⊗ F
n
i K
n
i ,
R¯i = T
−1
i ⊗ T
−1
i ◦R
−1
i =
∑
n≥0
q
n(n−1)
2
i (qi − q
−1
i )
n[n]i!F
(n)
i ⊗ E
(n)
i .(3.33)
These operators have inverses
R−1i =
∑
n≥0
(qi − q
−1
i )
nq
−n(3n+1)
2
i
[n]i!
Eni K
−n
i ⊗ F
n
i K
n
i
R¯−1i =
∑
n≥0
q
−n(n−1)
2
i (q
−1
i − qi)
n
[n]i!
Fni ⊗ E
n
i
Suppose w ∈ W˜ and τsi1 · · · sir is a reduced presentation for w where τ is
defined as in (3.30). Beck defines the following “R-matrices”:
Rw = τ(Si1Si2 · · ·Sir−1(Rir ) · · ·Si1(Ri2)Ri1),(3.34)
R¯w = τ(S
−1
ir
S−1ir−1 · · ·S
−1
i2
(Ri1 ) · · ·S
−1
ir
(R¯ir−1 )R¯ir ).(3.35)
Using the root partition S = {α+ kδ |α ∈ ∆0,+, k ∈ Z} ∪ {lδ | l ∈ Z>0} from
Section 2.3, we define:
U+q (S) to be the subalgebra of Uq(ĝ) generated by x
+
i,k, (1 ≤ i ≤ N, k ∈ Z) and
hi,l (1 ≤ i ≤ N, l > 0);
U−q (S) to be the subalgebra of Uq(ĝ) generated by x
−
i,k (1 ≤ i ≤ N, k ∈ Z) and
hi,−l (1 ≤ i ≤ N, l > 0), and
U0q (S) to be the subalgebra of Uq(ĝ) generated by K
±1
i (1 ≤ i ≤ N), γ
±1/2,
and D±1. Thus U0q (S) = U
0
q (gˆ).
3.4. Let ω denote the standard C(q1/2)-linear antiautomorphism of Uq(ĝ),
and set E−α = ω(Eα) for all α ∈ ∆+. Then Uq has a basis of elements of the
form E−HE+, where E± are ordered monomials in the Eα, α ∈ ∆±, and H is a
monomial in K±1i , γ
±1/2, and D±1 (which all commute).
Furthermore, this basis is, in Beck’s terminology, convex, meaning that, if
α, β ∈ ∆+ and β > α, then
(3.36) EβEα − q
(α|β)EαEβ =
∑
α<γ1<···<γr<β
cγE
a1
γ1 · · ·E
ar
γr
for some integers a1, . . . , ar and scalars cγ ∈ C[q, q−1], γ = (γ1, . . . , γr) (see [BK96,
Proposition 1.7c], [LS90]), and similarly for the negative roots. The above is called
the Levendorski and So˘ıbelman’s convexity formula.
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Set A = C[q1/2, q−1/2, 1[n]qi
, i ∈ I, n > 1]. We first begin with a slightly different
A-form than in [FGM98]. Namely we define this algebra UA = UA(ĝ) to be the
A-subalgebra of Uq(ĝ) with 1 generated by the elements
x±1ir , his, K
±1
i , γ
±1/2, D±1,
[
Ki ; s
n
]
,
[
D ; s
n
]
,
[
γ ; s
1
]
,
[
γψi ; k, l
1
]
for 1 ≤ i ≤ N, r, s ∈ Z, s 6= 0 where following [Lus88], for each i ∈ I, s ∈ Z and
n ∈ Z+, we define the Lusztig elements in Uq(ĝ):[
γ ; s
1
]
i
=
γs − γ−s
qi − q
−1
i
,(3.37) [
γψi ; k, l
1
]
=
γ
k−l
2 ψi,k+l − γ
l−k
2 φi,k+l
qi − q
−1
i
(3.38) [
Ki ; s
n
]
=
n∏
r=1
Kiq
s−r+1
i −K
−1
i q
−(s−r+1)
i
qri − q
−r
i
, and(3.39)
[
D ; s
n
]
=
n∏
r=1
Dqs−r+10 −D
−1q
−(s−r+1)
0
qr0 − q
−r
0
.(3.40)
where q0 = q
d0 . This A-form can be shown to be the same as that in [FGM98] with
the exception that we have added the generators γ±1/2,
[
γ ; s
1
]
i
and
[
γψi ; k, l
1
]
.
Let U+
A
(resp. U−
A
) denote the subalgebra of UA generated by the x
+
ik, hil, where
k ∈ Z, l ∈ N\{0}, 1 ≤ i ≤ N (resp. x−ik, hil, where k ∈ Z, l ∈ −N\{0}, 1 ≤
i ≤ N ), i ∈ I, and let U0
A
denote the subalgebra of UA generated by the elements
γ±1/2,K±1i ,
[
Ki ; s
n
]
, D±1,
[
D ; s
n
]
,
[
γ ; s
1
]
i
,
[
γψi ; k,−k
1
]
. Note that if k+ l > 0
(resp. k + l < 0), then
[
γψi ; k, l
1
]
∈ U+
A
(resp.
[
γψi ; k, l
1
]
∈ U−
A
).
Let Aut(Γ) be the set of automorphisms of the afffine Dynkin diagram Γ. Recall
I0 = {1, ..., N}, and let pi : Z ∋ r 7→ pir ∈ I, N1, ..., Nn ∈ N, τ1, ..., τn ∈ Aut(Γ) be
such that:
i). Ni =
∑i
j=1 l(ωj) ∀i ∈ I0 (where 〈ωi, αj〉 = δij for all i, j ∈ I0);
ii). sπ1 · · · sπNi
τi =
∑i
j=1 ωj ∀i ∈ I0;
iii). pir+Nn = τn(pir) ∀r ∈ Z;
(these conditions imply that for all r < r′ ∈ Z, sπrsπr+1 · · · sπr′−1sπr′ is a reduced
expression, see [IM65] and [Kac90])
Then pi induces a map
Z ∋ r 7→ wr ∈W defined by wr =

sπ0 · · · sπr+1 if r < 0,
1 if r = 0, 1,
sπ1 · · · sπr−1 if r > 1,
which gives the bijection
Z ∋ r 7→ βr = wr(απr ) ∈ Φ
re
+ .
Of course we also have a bijection: {±} × Z↔ Φ re.
KASHIWARA ALGEBRAS AND IMAGINARY VERMA MODULES FOR Uq(ĝ) 11
For all α = βr ∈ Φ re+ as in (3.25) the root vectors Eα can now be written as:
Eβr =

T−1
w−1r
(Eπr ) if r < 0,
Eπ(0) if r = 0,
Eπ(1) if r = 1,
Twr(Eπr ) if r > 1
and we define
Fα = Ω¯(Eα).
For r ∈ Z, we define
β±r =
{
±βr if r ≤ 0
∓βr if r > 0;
then of course
{β+r |r ∈ Z} = {mδ + α ∈ Φ|m ∈ Z, α ∈ Q0,+},
{β−r |r ∈ Z} = {mδ − α ∈ Φ|m ∈ Z, α ∈ Q0,+}.
The root vectors do depend on pi (for example if aij = aji = −1 we have
Ti(Ej) 6= Tj(Ei)). What is independent of pi are the root vectors relative to the
roots mδ ± αi:
Emδ+αi = T
−m
ωi (Ei), Emδ−αi = T
m
ωiT
−1
i (Ei).
Let m ∈ Z, α ∈ Q0,+ be such that mδ±α ∈ ∆; consider the following modified
root vectors:
Xmδ+α =
{
Emδ+α if m ≥ 0,
−F−mδ−αK−mδ−α if m < 0,
Xmδ−α =
{
−K−1mδ−αEmδ−α if m > 0,
F−mδ+α if m ≤ 0,
(Ω¯(Xmδ±α) = X−mδ∓α).
Equivalently
Xβ+r =
{
Eβr if r ≤ 0
−FβrKβr if r ≥ 1,
Xβ−r =
{
Fβr if r ≤ 0
−K−1βr Eβr if r ≥ 1.
Theorem 3.4.1 ([CDFM13]). Given m : Z ∋ r 7→ mr ∈ N such that #{r ∈
Z|mr 6= 0} <∞ define
X−(m) =
∏
r∈Z
Xmr
β−r
, X+(m) =
∏
r∈Z
Xmr
β+r
where one chooses a fixed ordering for the products.
Given l : ∆+(im)→ N such that #{(rδ, i) ∈ ∆+(im)|l(rδ,i) 6= 0} <∞ define
E im(l) =
∏
(rδ,i)∈∆+(im)
E
l(rδ,i)
(rδ,i) , F
im(l) = Ω¯(E im(l)),
where E(rδ,i) = E
(i)
rδ . Then the set
(3.41) {X−(m)F im(l)KαD
rγs/2Eim(l′)X+(m′)}, r, s ∈ Z, α ∈ Q0
is a basis of Uq(gˆ).
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4. Imaginary Verma Modules
The algebra ĝ has a triangular decomposition ĝ = ĝ−S ⊕ ĥ ⊕ ĝS , where ĝS =
⊕α∈Sĝα and S is defined in §2.2. Let U(ĝS) (resp. U(ĝ−S)) denote the universal
enveloping algebra of ĝS (resp. ĝ−S).
Let λ ∈ P , where P is the weight lattice of ĝ. A weight (with respect to ĥ)
U(ĝ)-module V is called an S-highest weight module with highest weight λ if there
is some nonzero vector v ∈ Vλ such that
(i). u+ · v = 0 for all u+ ∈ ĝS ;
(ii). V = U(ĝ) · v.
Let λ ∈ P . We make C into a 1-dimensional U(ĝS ⊕ ĥ)-module by picking a
generating vector v and setting (x + h) · v = λ(h)v, for all x ∈ ĝS , h ∈ ĥ. The
induced module
M(λ) = U(ĝ)⊗U(ĝS⊕ĥ) Cv = U(ĝ−S)⊗ Cv
is called the imaginary Verma module with S-highest weight λ. Imaginary Verma
modules are in many ways similar to ordinary Verma modules except they contain
both finite and infinite-dimensional weight spaces. They were studied in [Fut94],
from which we summarize.
Proposition 4.0.2 ([Fut94], Proposition 1, Theorem 1). Let λ ∈ P , and let
M(λ) be the imaginary Verma module of S-highest weight λ. Then M(λ) has the
following properties.
(i). The module M(λ) is a free U(ĝ−S)-module of rank 1 generated by the S-
highest weight vector 1⊗ 1 of weight λ.
(ii). M(λ) has a unique maximal submodule.
(iii). Let V be a U(ĝ)-module generated by some S-highest weight vector v of weight
λ. Then there exists a unique surjective homomorphism φ :M(λ) 7→ V such
that φ(1 ⊗ 1) = v.
(iv). dimM(λ)λ = 1. For any µ = λ− kδ, k a positive integer, 0 < dimM(λ)µ <
∞. If µ 6= λ−kδ for any integer k ≥ 0 and dimM(λ)µ 6= 0, then dimM(λ)µ =
∞.
(v). The module M(λ) is irreducible if and only if λ(c) 6= 0.
4.1. The Subalgebras Uq(−S) and U
−
q (S) of Uq(gˆ). Let Uq(±S) be the
subalgebra of Uq(ĝ) generated by {Xβ±r |r ∈ Z} ∪ {E
(i)
±kδ| 1 ≤ i ≤ N, k > 0}, and
let Brq denote the subalgebra of Uq(ĝ) generated by Uq(S)∪U
0
q (ĝ) (the superscript
r is used to remind us that it is generated in part by root vectors). Let U±q (S) be
the subalgebra of Uq(ĝ) generated by {x
±
ik |1 ≤ i ≤ N, k ∈ Z} ∪ {hil| 1 ≤ i ≤ N, l ∈
±N∗}, and let Bdq denote the subalgebra of Uq(ĝ) generated by U
+
q (S)∪U
0
q (ĝ). (The
superscript d, is used to remind us that the respective subalgebras are generated in
part by Drinfeld generators).
Let λ ∈ P . A Uq(ĝ) weight module V rq is called an S-highest weight module
with highest weight λ if there is a non-zero vector v ∈ V rq of weight λ such that:
(i). u+ · v = 0 for all u+ ∈ Uq(S) \ C(q1/2)∗;
(ii). V rq = Uq(ĝ) · v.
Let C(q1/2) ·v be a 1-dimensional vector space. Let λ ∈ P , and set Xβ+r ·v = 0,
for all r ∈ Z and E
(i)
kδ · v = 0 for k < 0 and 1 ≤ i ≤ N , K
±1
i · v = q
±λ(hi)v
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(i ∈ I) and D±1 ·v = q±λ(d)v. Define M rq (λ) = Uq(ĝ)⊗Brq C(q
1/2)v. ThenM rq (λ) is
an S-highest weight Uq-module called the quantum imaginary Verma module with
highest weight λ. If we let Lrq be the left ideal in Uq generated by Xβ−r for all r ∈ Z
and E
(i)
kδ for k < 0 and 1 ≤ i ≤ N , K
±1
i − q
±λ(hi) (i ∈ I) and D±1 − q±λ(d), then
Uq/L
r
q
∼=M rq (λ) which is induced by 1 7→ v.
We obtain the following refinement of [FGM05, Theorem 3.5]:
Theorem 4.1.1 ([CDFM13]). As a vector space, M rq (λ) has a basis consisting
of the ordered monomials
(4.1) {X−(m)F im(l)v}.
In particular, M rq (λ) is free as a module over Uq(−S).
Recall the notation from §3.3. Let Mdq (λ) = Uq/L
d
q where L
d
q is the left ideal
generated by the Drinfeld generators x+ik, hil, i ∈ I0, k ∈ Z, l > 0, together with
K±1i − q
±λ(hi), γ±1/2 − q±λ(c)/2 and D±1 − q±λ(d). Let Bdq be the subalgebra
of Uq generated by U
+
q (S) and U
0
q (gˆ) and let C(q
1/2)λ be the one dimensional
Bdq -module where x
+
ik1 = 0, hil1 = 0, K
±1
i 1 = q
±λ(hi)1, i ∈ I0, k ∈ Z, l > 0,
γ±1/21 = q±λ(c)/21 and D±11 = q±λ(d)1. Note that Bdq ⊆ B
r
q as Eαi+kδ = o(i)
kx+ik
for k ≥ 0, F−αi−kδ = −o(i)
kKiγ
kx+ik for k < 0, and E
(i)
kδ = γ
−k/2hik (see (3.26)
and (3.29)).
By universal mapping properties of quotients and the tensor products one has
Mdq (λ)
∼= Uq ⊗Bdq C(q
1/2)λ.
Since Ldq ⊂ L
r
q, there is a surjective Uq-module homomorphism pi :M
d
q (λ)→M
r
q (λ).
Corollary 4.1.2 ([CDFM13]). Mdq (λ) is isomorphic toM
r
q (λ) as Uq-modules.
We have immediately from [FGM05], Corollary 6.5.
Corollary 4.1.3. Mdq (λ) is irreducible if and only if λ(c) 6= 0.
4.2. Reduced imaginary Verma modules. Let λ ∈ P . Suppose now that
λ(c) = 0. Then γ±
1
2 acts on Mq(λ) by 1. Denote by J
q(λ) the left ideal of
Uq = Uq(gˆ) generated by L
d
q and hil for all l and all i ∈ I˙.
Set
M˜q(λ) = Uq/J
q(λ).
Then M˜q(λ) is a homomorphic image ofM
d
q (λ) which we call the reduced imaginary
Verma module. The module M˜q(λ) has a P -gradation:
M˜q(λ) =
∑
ξ∈P
M˜q(λ)ξ,
where M˜q(λ)ξ is spanned by
E−β1−m1δ · · ·E−βl−mlδE−γ1+k1δ · · ·E−γr+krδ mi ≥ 0, ki > 0 βi, γi ∈ ∆˙+ · 1
for
ξ = −
l∑
i=1
βi −
r∑
j=1
γj +
− l∑
i=1
mi +
r∑
j=1
kj
 δ.
Applying [FGM05, Theorem 7.1] and Corollary 4.1.2 we obtain
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Theorem 4.2.1. Let λ ∈ P such that λ(c) = 0. Then module M˜q(λ) is simple
if and only if λ(hi) 6= 0 for all i ∈ I˙.
5. Ω-operators and their relations
Recall that the Schur polynomials Sk(x), k ∈ Z are defined to be polynomials
in C[x1, x2, . . . ] given by
∞∑
k∈Z
Sk(x)z
k = exp
(
∞∑
l=1
xlz
l
)
Consider now the subalgebra N−q , generated by γ
±1/2, and x−i,l, l ∈ Z, 1 ≤ i ≤
N . Note that the corresponding relations (3.13) hold in N−q .
Lemma 5.0.2. Fix k ∈ Z and 1 ≤ i ≤ N . Then for any P ∈ N−q , there exists
unique
Q(i, k, p), R(i, k, r) ∈ N−q , p, r ∈ Z,
such that
(5.1) [x+i,k, P ] = Ki
∑ S+i,pQ(i, k, p)
qi − q
−1
i
+K−1i
∑ S−i,rR(i, k, r)
qi − q
−1
i
.
where
S+i,k := Sk((qi − q
−1
i )E
(i)
δ , (qi − q
−1
i )E
(i)
2δ , . . . ),
S−i,k := Sk((qi − q
−1
i )E
(i)
−δ, (qi − q
−1
i )E
(i)
−2δ, . . . ).
Note that the Si,k have degree k with respect to D.
Proof. For the existence we have the following: Now any element in N−q is a
sum of elements of the form
Pm1,...,mk = γ
l/2x−j1,m1 · · ·x
−
jk,mk
,
where mi ∈ Z, k ≥ 0, l ∈ Z, 1 ≤ ji ≤ N and such a product is a summand of
P = P (v1, . . . , vk) := γ
l/2x−j1 (v1) · · ·x
−
jk
(vk)
Set P¯ = x−j1 (v1) · · ·x
−
jk
(vk) and P¯l = x
−
j1
(v1) · · ·x
−
jl−1
(vl−1)x
−
jl+1
(vl+1) · · ·x
−
jk
(vk).
Then we have by (3.20) and (3.21),
x−j1(v1) · · ·x
−
jl−1
(vl−1)ψi(vlγ
1/2) =
l−1∏
m=1
gi,jm(vjmv
−1
l )
−1ψi(vlγ
1/2)x−j1 (v1) · · ·x
−
jl−1
(vl−1)
x−j1 (v1) · · ·x
−
jl−1
(vl−1)φi(uγ
1/2) =
l−1∏
m=1
gi,jm(uγv
−1
jm
)φi(uγ
1/2)x−j1 (v1) · · ·x
−
jl−1
(vl−1),
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so that by (3.23)
[x+i (u),x
−
j1
(v1) · · ·x
−
jk
(vk)] =
k∑
l=1
x−j1(v1) · · · [x
+
i (u), x
−
jl
(vl)] · · ·x
−
jk
(vk)
=
k∑
l=1
δi,jlx
−
j1
(v1) · · ·
(
δ(u/vlγ)ψi(vlγ
1/2)− δ(uγ/vl)φi(uγ1/2)
qi − q
−1
i
)
· · ·x−jk(vk)
=
k∑
l=1
δi,jlx
−
j1
(v1) · · ·x
−
jl−1
(vl−1)ψi(vlγ
1/2)x−jl+1(vl+1) · · ·x
−
jk
(vk)
δ(u/vlγ)
qi − q
−1
i
−
k∑
l=1
δi,jlx
−
j1
(v1) · · ·x
−
jl−1
(vl−1)φi(uγ
1/2)x−jl+1(vl+1) · · ·x
−
jk
(vk)
δ(uγ/vl)
qi − q
−1
i
=
k∑
l=1
δi,jl
l−1∏
m=1
gi,jm(vjmv
−1
l )
−1ψi(vlγ
1/2)δ(u/vlγ)
q − q−1
P¯l
−
k∑
l=1
δi,jl
l−1∏
m=1
gi,jm(uγv
−1
jm
)
φi(uγ
1/2)δ(uγ/vl)
qi − q
−1
i
P¯l
=
ψi(uγ
−1/2)
qi − q
−1
i
k∑
l=1
δi,jl
l−1∏
j=1
gi,jm,q−1(vjm/vl)P¯lδ(u/vlγ)
−
φi(uγ
1/2)
qi − q
−1
i
k∑
l=1
δi,jl
l−1∏
j=1
gi,jm(vl/vjm)P¯lδ(uγ/vl).
Note that ψi,k(uγ
−k/2) and φi,k(uγ
k/2) do not depend on P . By (3.15) we can
rewrite
ψi(uγ
−1/2) =
∞∑
k=0
ψikγ
k/2u−k = Ki exp
(
(qi − q
−1
i )
∑
l>0
hilγ
l/2u−l
)
= Ki
(
∞∑
k=0
S+i,ku
−k
)
,
so that ψi,kγ
k/2 = KiS
+
i,k and similarly φi,kγ
−k/2 = K−1i S
−
i,k. Thus
[x+im, x
−
j1,n1
· · ·x−jk,nk ] = Ki
∑ S+i,pQ(i, k, p)
qi − q
−1
i
+K−1i
∑ S−i,rR(i, k, r)
qi − q
−1
i
,
where Q(i, k, p), R(i, k, r) ∈ N−q . This proves existence.
Uniqueness is proven as follows: The components of P¯l(u) have the form
x−j1,n1 · · ·x
−
jl−1,nl−1
x−jl+1,nl+1 · · ·x
−
jk,nk
and after using the Levendorski and So˘ıbelman’s convexity formula (3.36) (possibly
after applying a Lusztig automorphism Tw) we can rewrite this component as a
linear combination of elements of the form X−(m). Let F− be the span of the
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X−(m) over Q(q1/2). Then
[x+im, x
−
j1,n1
· · ·x−jk,nk ] = Ki
∑ S+i,pQ˜(i, k, p)
qi − q
−1
i
+K−1i
∑ S−i,rR˜(i, k, r)
qi − q
−1
i
.
where Q˜(i, k, p), R˜(i, k, r) ∈ F−.
If also
[x+im, x
−
j1,n1
· · ·x−jk,nk ] = Ki
∑ S+i,pQ♯(i, k, p)
qi − q
−1
i
+K−1i
∑ S−i,rR♯(i, k, r)
qi − q
−1
i
.
for some Q♯(i, k, p), R♯(i, k, r) ∈ N−q , then from Theorem 4.1.1 we must have
Q♯(i, k, p) = Q˜(i, k, p) = Q(i, k, p), R♯(i, k, r) = R˜(i, k, r) = R(i, k, r)
as the S+i,p, S
−
i,r have leading terms (E
(i)
±δ)
k that are distinct PBW basis elements
and Q˜(i, k, p) and the R˜(i, k, r) are sums of PBW basis elements. 
Lemma 5.0.2 motivates the definition of a family of operators as follows. Set
Gil = G
1/q
il = G
1/q
il (vj1 , . . . , vjl , vl) := δi,jl
l−1∏
j=1
gi,jm,q−1(vjm/vl),
Gqil = Gil(vj1 , . . . , vjl , vl) := δi,jl
l−1∏
j=1
gi,jm(vl/vjm)
whereGi1 := δi,j1 . Now define a collection of operators Ωψi(k),Ωφi(k) : N
−
q → N
−
q ,
k ∈ Z, in terms of the generating functions
Ωψi(u) =
∑
l∈Z
Ωψi(l)u
−l, Ωφi(u) =
∑
l∈Z
Ωφi(l)u
−l
by
Ωψi(u)(P¯ ) : =
k∑
l=1
GilP¯lδ(u/vlγ)(5.2)
Ωφi(u)(P¯ ) : =
k∑
l=1
GqilP¯lδ(uγ/vl).(5.3)
Then we can write the above computation in the proof of Lemma 4.0.2 as
(5.4) [x+i (u), P¯ ] = (qi − q
−1
i )
−1
(
ψi(uγ
−1/2)Ωψi(u)(P¯ )− φi(uγ
1/2)Ωφi(u)(P¯ )
)
.
Note that Ωψi(u)(1) = Ωφi(u)(1) = 0. More explicitly let us write
P¯ = x−j1 (v1) · · ·x
−
jk
(vk) =
∑
n∈Z
∑
n1,n2,...,nk∈Z
n1+···+nk=n
x−j1,n1 · · ·x
−
jk,nk
v−n11 · · · v
−nk
k
Then
ψi(uγ
−1/2)Ωψi(u)(P¯ )
=
∑
l≥0
∑
p∈Z
∑
ni∈Z
γl/2ψilΩψi(p)(x
−
j1,n1
· · ·x−jk,nk)v
−n1
1 · · · v
−nk
k u
−l−p
=
∑
ni∈Z
∑
m∈Z
∑
l≥0
γl/2ψilΩψi(m− l)(x
−
j1,n1
· · ·x−jk,nk)v
−n1
1 · · · v
−nk
k u
−m
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while
[x+i (u), P¯ ] =
∑
m∈Z
∑
n1,n2,...,nk∈Z
[x+im, x
−
j1,n1
· · ·x−jk,nk ]v
−n1
1 · · · v
−nk
k u
−m.
Thus for a fixed m and k-tuple ((j1, n1), . . . , (jk, nk)) the sum∑
l≥0
γl/2ψilΩψi(m− l)(x
−
j1,n1
· · ·x−jk,nk)
must be finite. Hence
(5.5) Ωψi(m− l)(x
−
j1,n1
· · ·x−jk,nk) = 0,
for l sufficiently large.
Proposition 5.0.3. Consider x−i (v) =
∑
m x
−
imv
−m as a formal power series
of left multiplication operators x−im : N
−
q → N
−
q . Then
Ωψm(u)x
−
i (v) = δi,mδ(vγ/u) + gi,m,q−1(vγ/u)x
−
i (v)Ωψm(u),(5.6)
Ωφm(u)x
−
i (v) = δi,mδ(uγ/v) + gi,m(uγ/v)x
−
i (v)Ωφm(u)(5.7)
(q(αj |αk)u1 − u2)Ωψj (u1)Ωψk(u2) = (u1 − q
(αj |αk)u2)Ωψk(u2)Ωψj (u1)
(5.8)
(q(αj |αk)u1 − u2)Ωφj (u1)Ωφk(u2) = (u1 − q
(αj |αk)u2)Ωφk(u2)Ωφj (u1)
(5.9)
(q(αj |αk)γ2u1 − u2)Ωφj (u1)Ωψk(u2) = (γ
2u1 − q
(αj |αk)u2)Ωψk(u2)Ωφj (u1)
(5.10)
Proof. Setting P¯ = x−j1 (v1) · · ·x
−
jk
(vk) we get
Ωψm(u)x
−
i (v)(P¯ ) = δi,mx
−
j1
(v1) · · ·x
−
jk
(vk)δ(u/vγ)
+ x−i (v)
k∑
l=1
gi,m,q−1(v/vl)GmlP¯lδ(u/vlγ)
= δi,mP¯ δ(u/vγ) + x
−
i (v)gi,m,q−1(vγ/u)Ωψm(u)P¯ .
Similarly
Ωφm(u)x
−
i (v)(P¯ ) = δi,mx
−
j1
(v1) · · ·x
−
jk
(vk)δ(uγ/v)
+ x−i (v)
k∑
l=1
gi,m(vl/v)G
q
mlP¯lδ(uγ/vl)
= δi,mP¯ δ(v/uγ) + x
−
i (v)gi,m(uγ/v)Ωφm(u)P¯ .
One can prove (5.8) and (5.9) directly from their definitions, (5.2) and (5.3), but
there is another way (due to Kashiwara) to prove this identity and it goes as follows:
Ωψj (u1)Ωψk(u2)x
−
i (v) = δk,iΩψj (u1)δ(vγ/u2) + Ωψj (u1)x
−
i (v)gi,k,q−1 (vγ/u2)Ωψk(u2)
= δk,iΩψj (u1)δ(vγ/u2) + δj,igi,k,q−1 (vγ/u2)Ωψk(u2)δ(vγ/u1)
+ gk,i,q−1(vγ/u2)gj,i,q−1(vγ/u1)x
−
i (v)Ωψj (u1)Ωψk(u2)
and on the other hand
Ωψk(u2)Ωψj (u1)x
−
i (v) = δj,iΩψk(u2)δ(vγ/u1) + δk,igi,j,q−1(vγ/u1)Ωψk(u1)δ(vγ/u2)
+ gj,i,q−1(vγ/u1)gk,i,q−1(vγ/u2)x
−
i (v)Ωψk (u2)Ωψj (u1)
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Thus setting S = (u1−q−(αj |αk)u2)Ωψj (u1)Ωψk(u2)−(q
−(αj |αk)u1−u2)Ωψk(u2)Ωψj (u1)
we get
Sx−i (v) = (u1 − q
−(αj |αk)u2)δi,kΩψj (u1)δ(vγ/u2)
+ (u1 − q
−(αj |αk)u2)δj,igk,i,q−1 (vγ/u2)Ωψk(u2)δ(vγ/u1)
+ (u1 − q
−(αj |αk)u2)gk,i,q−1(vγ/u2)gj,i,q−1(vγ/u1)x
−
i (v)Ωψj (u1)Ωψk(u2)
− (q−(αj |αk)u1 − u2)δj,iΩψk(u2)δ(vγ/u1)
− (q−(αj |αk)u1 − u2)δk,igj,i,q−1(vγ/u1)Ωψj (u1)δ(vγ/u2)
− (q−(αj |αk)u1 − u2)gj,i,q−1(vγ/u1)gq−1(vγ/u2)x
−
i (v)Ωψk(u2)Ωψj (u1)
=
(
(u1 − q
−(αj |αk)u2)δk,i − (q
−(αj |αk)u1 − u2)δk,igj,i,q−1(vγ/u1)
)
Ωψj (u1)δ(vγ/u2)
+
(
(u1 − q
−(αj |αk)u2)δj,igk,i,q−1(vγ/u2)− (q
−(αj |αk)u1 − u2)δj,i
)
Ωψk(u2)δ(vγ/u1)
+ gk,i,q−1(vγ/u2)gj,i,q−1(vγ/u1)x
−
i (v)
×
(
(u1 − q
−(αj |αk)u2)Ωψj (u1)Ωψk(u2)− (q
−(αj |αk)u1 − u2))Ωψk(u2)Ωψj (u1)
)
= gk,i,q−1 (vγ/u2)gj,i,q−1(vγ/u1)x
−
i (v)S
Hence
Sx−j1(v1) · · ·x
−
jn
(vn) =
n∏
i=1
gk,ji,q−1(vjiγ/u1)gj,ji,q−1(vjiγ/u2)x
−
j1
(v1) · · ·x
−
jn
(vn)S,
which implies, after applying this to 1, that S = 0.
Next we have
Ωφj (u1)Ωφk(u2)x
−
i (v) = δi,kΩφj (u1)δ(v/u2γ) + δj,igk,i(u2γ/v)Ωφk(u2)δ(v/u1γ)
+ gk,i(u2γ/v)gj,i(u1γ/v)x
−
i (v)Ωφj (u1)Ωφk(u2)
and on the other hand
Ωφk(u2)Ωφj (u1)x
−
i (v) = δj,iΩφk(u2)δ(v/u1γ) + δk,igj,i(u1γ/v)Ωφj (u1)δ(v/u2γ)
+ gj,i(u1γ/v)gk,i(u2γ/v)x
−
i (v)Ωφk(u2)Ωφj (u1)
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So if we set S = (u1−q−(αj|αk)u2)Ωφj (u1)Ωφk(u2)−(q
−(αj |αk)u1−u2)Ωφk(u2)Ωφj (u1)
we get
Sx−i (v) = (u1 − q
−(αj |αk)u2)δk,iΩφj (u1)δ(v/u2γ)
+ (u1 − q
−(αj |αk)u2)δj,igk,i(u2γ/v)Ωφk(u2)δ(v/u1γ)
+ (u1 − q
−(αj |αk)u2)gk,i(u2γ/v)gj,i(u1γ/v)x
−
i (v)Ωφj (u1)Ωφk(u2)
− (q−(αj |αk)u1 − u2)δi,jΩφk(u2)δ(v/u1γ)
− (q−(αj |αk)u1 − u2)δi,kgj,i(u1γ/v)Ωφj (u1)δ(v/u2γ)
− (q−(αj |αk)u1 − u2)gj,i(u1γ/v)gk,i(u2γ/v)x
−
i (v)Ωφk(u2)Ωφj (u1)
=
(
(u1 − q
−(αj |αk)u2)− (q
−(αj |αk)u1 − u2)gj,i(u1γ/v)
)
δk,iΩφj (u1)δ(v/u2γ)
+
(
(u1 − q
−(αj |αk)u2)gk,i(u2γ/v)− (q
−(αj |αk)u1 − u2)
)
δj,iΩφk(u2)δ(v/u1γ)
+ gk,i(u2γ/v)gj,i(u1γ/v)x
−
i (v)
×
(
(u1 − q
−(αj |αk)u2)Ωφj (u1)Ωφk(u2)− (q
−2u1 − u2)Ωφk(u2)Ωφj (u1)
)
= gk,i(u2γ/v)gj,i(u1γ/v)x
−
i (v)S.
As in the calculation for (5.8) we get S = 0.
Moreover
Ωφj (u1)Ωψk(u2)x
−
i (v) = δk,iΩφj (u1)δ(vγ/u2) + Ωφj (u1)x
−
i (v)gk,i,q−1 (vγ/u2)Ωψk(u2)
= δk,iΩφj (u1)δ(vγ/u2) + δj,igk,i,q−1 (vγ/u2)Ωψk(u2)δ(u1γ/v)
+ gk,i,q−1(vγ/u2)gj,i(u1γ/v)x
−
i (v)Ωφj (u1)Ωψk(u2)
and
Ωψk(u2)Ωφj (u1)x
−
i (v) = δj,iΩψk(u2)δ(u1γ/v) + Ωψk(u2)x
−
i (v)gj,i(u1γ/v)Ωφj(u1)
= δj,iΩψk(u2)δ(u1γ/v) + δk,igj,i(u1γ/v)Ωφj(u1)δ(vγ/u2)
+ gk,i,q−1(vγ/u2)gj,i(u1γ/v)x
−
i (v)Ωψk(u2)Ωφ(u1)
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Set S = (q(αj |αk)γ2u1−u2)Ωφj (u1)Ωψk(u2)−(γ
2u1−q(αj|αk)u2)Ωψk(u2)Ωφj (u1).
Then
Sx−i (v) = (q
(αj |αk)γ2u1 − u2)δk,iΩφj (u1)δ(vγ/u2)
+ (q(αj |αk)γ2u1 − u2)δj,igk,i,q−1 (vγ/u2)Ωψk(u2)δ(u1γ/v)
+ (q(αj |αk)γ2u1 − u2)gk,i,q−1(vγ/u2)gj,i(u1γ/v)x
−
i (v)Ωφj (u1)Ωψk(u2)
− (γ2u1 − q
(αj |αk)u2)δj,iΩψk(u2)δ(u1γ/v)
− (γ2u1 − q
(αj |αk)u2)δk,igj,i(u1γ/v)Ωφj (u1)δ(vγ/u2)
− (γ2u1 − q
(αj |αk)u2)gk,i,q−1(vγ/u2)gj,i(u1γ/v)x
−
i (v)Ωψk(u2)Ωφ(u1)
=
(
(q(αj |αk)γ2u1 − u2)− (γ
2u1 − q
(αj |αk)u2)gj,i(u1γ/v)
)
δk,iΩφj (u1)δ(vγ/u2)
+
(
(q(αj |αk)γ2u1 − u2)gk,i,q−1 (vγ/u2)− (γ
2u1 − q
(αj |αk)u2)
)
δj,iΩψk(u2)δ(u1γ/v)
+ gk,i,q−1(vγ/u2)gj,i(u1γ/v)x
−
i (v)
×
(
(q(αj |αk)γ2u1 − u2)Ωφj (u1)Ωψk(u2)− (γ
2u1 − q
(αj |αk)u2)Ωψk(u2)Ωφ(u1)
)
= gk,i,q−1 (vγ/u2)gj,i(u1γ/v)x
−
i (v)S.
As in the previous calculations we get that S = 0 and thus the last statement of
the proposition hold.

The identities (5.6) , (5.7) in Proposition 5.0.3 can be rewritten as
(q(αi|αj)vγ − u)Ωψj(u)x
−
i (v) = (q
(αi|αj)vγ − u)δi,jδ(vγ/u) + (q
(αi|αj)vγ − u)x−i (v)Ωψi(u),
(5.11)
(q(αi|αj)v − uγ)Ωφj(u)x
−
i (v) = (q
(αi|αj)v − uγ)δi,jδ(v/uγ) + (v − q
(αi|αj)uγ)x−i (v)Ωφj (u)
(5.12)
which may be written out in terms of components as
q(αi|αk)γΩψj (m)x
−
i,n+1 − Ωψj (m+ 1)x
−
i,n
(5.13)
= (q(αi|αj)γ − 1)δi,jδm,−n−1 + γx
−
i,n+1Ωψj (m)− q
(αi|αj)x−i,nΩψj (m+ 1),
(5.14)
q(αi|αj)Ωφj (m)x
−
i,n+1 − γΩφj(m+ 1)x
−
i,n
(5.15)
= (q(αi|αj) − γ)δi,jδm,−n−1 + x
−
i,n+1Ωψj (m)− q
(αi|αj)γx−i,nΩψj (m+ 1),
(5.16)
We can also write (5.6) in terms of components and as operators on N−q
(5.17) Ωψj (k)x
−
i,m = δi,jδk,−mγ
k +
∑
r≥0
gi,j,q−1(r)x
−
i,m+rΩψj (k − r)γ
r.
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The sum on the right hand side turns into a finite sum when applied to an element
in N−q , due to (5.5).
We also have by (5.10)
(5.18) Ωψi(k)Ωφj (m) =
∑
r≥0
gi,j(r)γ
2rΩφj (r +m)Ωψi(k − r),
as operators on N−q .
6. The Kashiwara algebra Kq
The Kashiwara algebra Kq is defined to be the F(q1/2)-algebra with generators
Ωψj (m), x
−
i (n), γ
±1/2, m,n ∈ Z, 1 ≤ i, j ≤ N , where γ±1/2 are central and the
defining relations are
q(αi|αj)γΩψj (m)x
−
i,n+1 − Ωψj (m+ 1)x
−
i,n(6.1)
= (q(αi|αj)γ − 1)δi,jδm,−n−1 + γx
−
i,n+1Ωψj (m)− q
(αi|αj)x−i,nΩψj (m+ 1)
q(αi|αj)Ωψi(k + 1)Ωψj (l)− Ωψj (l)Ωψi(k + 1)(6.2)
= Ωψi(k)Ωψj (l + 1)− q
(αi|αj)Ωψj (l + 1)Ωψi(k)
(which comes from (5.6), (5.8) written out in terms of components), and
(6.3) x−i,k+1x
−
j,l − q
−(αi|αj)x−j,lx
−
i,k+1 = q
−(αi|αj)x−i,kx
−
j,l+1 − x
−
j,l+1x
−
i,k
together with
γ1/2γ−1/2 = 1 = γ−1/2γ1/2.
Lemma 6.0.4. The F(q1/2)-linear map α¯ : Kq → Kq given by
α¯(γ±1/2) = γ±1/2, α¯(x−i,m) = Ωψi(−m), α¯(Ωψi(m)) = x
−
i,−m
for all m ∈ Z is an involutive anti-automorphism.
Proof. We have
α¯
(
x−i,k+1x
−
j,l − q
−(αi|αj)x−j,lx
−
i,k+1
)
= Ωψj (−l)Ωψi(−k − 1)− q
−(αi|αj)Ωψi(−k − 1)Ωψj (−l)
= q−(αi|αj)Ωψj (−l − 1)Ωψi(−k)− Ωψi(−k)Ωψj (−l − 1)
= α¯
(
q−(αi|αj)x−i,kx
−
j,l+1 − x
−
j,l+1x
−
i,k
)
and
α¯
(
q(αi|αj)γΩψj (m)x
−
i,n+1 − Ωψj (m+ 1)x
−
i,n
)
= q(αi|αj)γΩψi(−n− 1)x
−
j,−m − Ωψi(−n)x
−
j,−m−1
= (q(αi|αj)γ − 1)δi,jδ−m,n+1 + γx
−
j,−mΩψi(−n− 1)− q
(αi|αj)x−j,−m−1Ωψi(−n)
= α¯
(
(q(αi|αj)γ − 1)δi,jδm,−n−1 + γx
−
i,n+1Ωψj (m)− q
(αi|αj)x−i,nΩψj (m+ 1)
)

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Lemma 6.0.5. N−q is a left Kq-module and
N−q
∼= Kq/
N∑
i=1
∑
k∈Z
KqΩψi(k).
Proof. Proposition 5.0.3 implies that N−q is a left Kq-module. We have an
induced left Kq-module epimomorphism from Kq to N−q which sends 1 to 1. Since
the Ωψi(k) annihilates 1 for all k and 1 ≤ i ≤ N , we get an induced left K
−
q -module
epimomorphism
Kq/
∑N
i=1
∑
k∈Z KqΩψi(k)
η
−−−−→ N−q
Let C denote the subalgebra of Kq generated by x
−
i,m, γ
±1/2. Then we have a
surjective homomorphism
C
µ
−−−−→ Kq/
∑N
i=1
∑
k∈ZKqΩψi(k)
The composition η ◦ µ is surjective and since N−q is defined by generators x
−
i,n,
1 ≤ i ≤ N , γ±1/2 and relations (3.13), we get an induced map ν : N−q → C
splitting the surjective map η ◦ µ. Since the composition ν ◦ η ◦ µ is the identity,
we get that η ◦ µ is an isomorphism and thus η is an isomorphism. 
Proposition 6.0.6. There is a unique symmetric form ( , ) defined on N−q
satisfying
(x−i,ma, b) = (a,Ωψi(−m)b), (1, 1) = 1.
Proof. Using the anti-automorphism α¯ we can makeM = Hom(N−q ,F(q
1/2))
into a left Kq-module by defining
(x−i,mf)(a) = f(Ωψi(−m)a), (Ωψi(m)f)(a) = f(x
−
i,−ma),
(γ±1/2f)(a) = f(γ±1/2a).
for a ∈ N−q and f ∈M .
Consider the element β0 ∈M satisfying β0(1) = 1 and
β0
(
N∑
i=1
∑
k∈Z
x−i,mKq
)
= 0.
Then Ωψi(m)β0 = 0 for any m ∈ Z, 1 ≤ i ≤ N , we get an induced homomorphism
of Kq-modules
β¯ : N−q
∼= Kq/
N∑
i=1
∑
m∈Z
KqΩψi(m)→M,
where β¯(1) = β0. Define the bilinear form ( , ) : N−q ×N
−
q :→ F(q
1/2) by
(a, b) = (β¯(a))(b)
This form satisfies (1, 1) = 1 and
(x−i,ma, b) = (a,Ωψi(−m)b), (Ωψi(m)a, b) = (a, x
−
i,−mb),
(γ±/2a, b) = (a, γ±/2b).
Since N−q is generated by x
−
i,m and γ
±1/2 we get that the form is the unique form
satisfying these three conditions. The form is symmetric since the form defined by
(a, b)′ = (b, a) also satisfies the above conditions. 
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7. Simplicity of N−q as a Kq-module
We will show that N−q is simple as a module over Kq.
Lemma 7.0.7. Let P ∈ N−q . If Ωψi(s)P = 0 for all s ∈ Z and all 1 ≤ i ≤ N ,
then P is a constant multiple of 1.
Proof. We may assume without loss of generality that P is a homogeneous
element, say P ∈ (N−q )λ−ξ. We assume that ξ 6= 0. Then ξ =
∑N
i=1 niαi +mδ,
ni ≥ 0,
∑
i n
2
i 6= 0, m ∈ Z. Set |ξ| = n =
∑
i ni. We shall prove the lemma by
induction on |ξ|.
Suppose |ξ| = 1. Then P = x−i,m for some i and
Ωψj (s)(x
−
i,m) = δi,jδs,−mγ
s +
∑
r′≥0
gi,j,q−1′ (r)x
−
i,m+r′Ωψj (s− r
′)γr
′
1
= δi,jδs,−mγ
s
Hence Ωψi(−m)(P ) 6= 0 unless P = 0.
Suppose |ξ| > 1. We have by hypothesis Ωψi(l)(P ) = 0 for any l ∈ Z and all
1 ≤ i ≤ N . Then we use (5.18) so that for all k, m ∈ Z, and 1 ≤ i, j ≤ N we get
(7.1) Ωψi(k)Ωφj (m)(P ) =
∑
r≥0
gi,j(r)γ
2rΩφj (r +m)Ωψi(k − r)(P ) = 0.
Hence by the induction hypothesis Ωφi(m)(P ) = 0 as Ωφi(m)(P ) ∈ (N
−
q )λ−ξ+1.
Then [x+i,m, P ] = 0 by (5.4).
Consider the imaginary Verma moduleM rq (λ) with λ(c) = 0 and choose λ such
that λ(hi) 6= 0 for some hi ∈ h. Then M˜q(λ) is the unique irreducible quotient of
M rq (λ) and v = Pvλ is a nonzero element of the module M˜q(λ).
Thus
x+i,sv = [x
+
i,s, P ]v˜λ + Px
+
i,sv˜λ = 0
for all s ∈ Z and all 1 ≤ i ≤ N .
Consider V = N−q v ⊂ M˜q(λ). Then V is a nonzero proper submodule of M˜q(λ)
which is a contradiction by Theorem 4.2.1. This completes the proof. 
Lemma 7.0.7 implies immediately the following result.
Theorem 7.0.8. The algebra N−q is simple as a Kq-module.
Corollary 7.0.9. The form ( , ) defined in Proposition 6.0.6 is non-degenerate.
Proof. By Proposition 6.0.6 the radical of the form ( , ) is a Kq-submodule
of N−q and since (1, 1) = 1, the radical must be zero. 
We remark that in [Kas91], Kashiwara introduced the algebra Bq and showed
that U−q (g) is a simple Bq-module. This in turn played an important role in showing
the existence of crystal base for U−q (g), hence the standard Verma module. We
expect to show in a future publication that the Kashiwara algebra Kq will play
a similar role in constructing a crystal-like base for the reduced imaginary Verma
module.
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